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$G$ abel $\hat{G}$ $1\leq p<\infty$
$P$ If $(G)$ $G$ Harr $P$
Banach $L^{p}(G)$
$L^{p_{-\mathrm{m}\mathrm{u}}}1\mathrm{t}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{r}$ $M_{p}(G)$ Banach
$M_{1}(G)$ – [22] $T\in M_{p}(G)\text{ }\hat{\tau}\in L^{\infty}(\hat{G})$ ($=\hat{G}$
) – $\overline{TF}=\hat{T}\hat{F}\text{ }G$ $F$
$\hat{F}_{\text{ }}\overline{TF}$
$F_{\text{ }}TF$ Fourier $\hat{T}$ T Fourier
$T\in M_{1}(G)\text{ }\hat{\tau}\text{ }$ T – Fourier-Stieltjes
Borel \mu $\text{ }\hat{\mu}(\hat{G})$
– Wiener-Pitt $G=\mathbb{R}$ 60
Williamson [23] abel $G$
Wiener-Pitt $T\in M_{1}(G)$
T Fourier – T
$1<p<2$ $M_{p}(G)$ Wiener-Pitt
Igari [9] Rudin $[18]_{\text{ }}$ Varopoulos [20] [21]
Fourier-Stieltjes $0$ Wiener-Pitt
Fourier G^ $0$ $T\in M_{p}(G)$
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$C_{0}M_{p}(G)$ $C_{0}M_{p}(c)$ $M_{p}(G)$
Fourier-Stieltjes G $C_{0}M_{1}(c)$ Fourier-Stieltjes
$0$ – Rudin Varopoulos $c_{0}M_{p}(G)$
Wiener-Pitt Zafran [25] [26]
$G=\mathbb{R}^{n_{\text{ }}}\mathbb{T}^{n_{\text{ }}}$ $\mathbb{Z}^{n}$ Wiener-Pitt
1 Fourier – $L^{\mathrm{p}}$ -multiplier
Zafran Fourier








$T\in C_{0}M_{\mathrm{p}}(G)$ T $L^{p}(G)$ \mbox{\boldmath $\sigma$}(T)
Banach $c_{0^{M_{p}}()}G$ $M_{p}(G)$ sp(T, $C_{0}M_{p}(c)$ ) $\text{ }\mathrm{s}\mathrm{p}(T, M_{p}(G))$
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–1 $T\in c_{0}M_{p}(G)\mathrm{B}\grave{\grave{\mathrm{a}}}\sigma(\tau’)=\overline{\hat{T}(\hat{G})}$ T
$T\in C_{0}M_{p}(G)^{\text{ } }\mathrm{N}\mathrm{s}(c0M_{p}(c))$
$\text{ _{ } }\mathrm{N}\mathrm{s}(c0^{M_{p}}(G))$ $G$
Zafran [24] $T\in C_{0p}M(G)$ T Gelfand $\text{ }\hat{c}$
$0$ $p=1$ T
Izuch-Shimizu [13] (cf. $[11]_{\text{ }}[12]$ )
2 $\mathrm{L}\mathrm{a}\mathrm{u}\mathrm{r}\mathrm{s}\mathrm{e}\mathrm{n}_{\text{ }}$ Neumann Banach
$C_{0}M_{1}(G’)$
2Banach X S $S$ decomposable
: $\mathbb{C}$ $\{U, V\}$ X S-
$Y_{V}$ $X=Y_{U}+Y_{V}$ $\sigma(S|Y_{U})\subset U_{\text{ }}\sigma(S|Y_{V})\subset V$
3 $B$ Banach Reg $B$ $B$ Dec $B$ de-
composable b\in B $T_{b}a=ba$ $T_{b}$ $B$
decomposable b\in B
Albrecht [1] Banach
Inoue-Takahasi [10] Neumann [17]
Banach Apostol [2, Theorem
36] $B$ Dec $B$ B
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Neumann [171 Banach $A$ $a\in A$ Gelfand
hull-kernel $T_{a}$. decomposable
$\mathrm{N}$ (M. M. Neumann) $A$ ( ) Banach
Dec $A$ $A$ Reg $A\subset \mathrm{D}\mathrm{e}\mathrm{c}$ $A$
4 $A$ Banach $A$ T $a,$ $b\in A$
$Tab=aTb$ $M(A)$
$M(A)$ $A$ Banach $a\in A$
– $A$ $M(A)$ ( )
$M(A)$ Gelfand \Phi M(A) $A$ Gelfand \Phi A
$M_{0}(A)$ (resp. $M0\mathrm{o}(A)$ ) Gelfand \Phi A (resp. $\Phi_{M(A)}\backslash \Phi_{A}$) $0$
$T\in M(A)$ $T\in M(A)$ Gelfand T
$\mathrm{N}\mathrm{S}(M(A))=\{T\in M(A) : \check{\tau}(\Phi M(A))=\overline{\check{T}(\Phi_{A})}\}$
$\mathrm{D}M(A)$ (resp. $\mathrm{D}M\mathrm{o}(A)$ ) $A$ decomposable $T\in$
$M(A)$ (resp. $M_{0}(A)$ ) Neumann [16, Theorem 1] $\mathrm{D}\mathrm{e}\mathrm{c}(M(A))\subset$
$\mathrm{D}M(A)$ (resp. $\mathrm{D}\mathrm{e}\mathrm{c}(M0(A))\subset \mathrm{D}M_{0}(A)$ ) $A$ $M(A)$
$A=L^{1}(G)$ $M(A)=M_{1}(G)$ $M(A)$
$M(G)$ – $\Phi_{L^{1}(G)}=\hat{G}$ $M_{0}(A)$ Fourier-Stieltjes $0$
– $M_{00}(A)$ $L^{1}(G)$-radical – Banach
– $T\in M(A)$ \mbox{\boldmath $\sigma$}(T) $=\check{T}(\Phi M(A))$ $\mathrm{N}\mathrm{S}(M(A))$
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$T\in M_{0}(A)$ T $M_{0}(A)$ Gelfnad T-
$\Phi_{A}$ $M_{0}(A)$ Gelfand $\text{ }\Phi_{M(}oA$ ) \Phi A T\check $=\overline{T}\text{ }$




L-N (Laursen-Neumann) $A$ Banach
$\mathrm{R}\mathrm{e}\mathrm{g}(M_{0(A))}=\mathrm{D}\mathrm{e}\mathrm{c}(M_{0}(A))=\mathrm{D}M_{0}(A)=M_{00}(A)$
NS(M0 $(\mathrm{A})$ )





$G$ NS(C0M1 $(G)$ ) –
$T\in C_{0}M_{1}(G)$ – $G$
$1\leq P<\infty$ $P$ $L^{p}(G)$ Banach Banach
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$L^{p}$-multiplier – $C_{0}M_{p}(G)$
L-N abel Zafran Izuchi-Shi Zu
3 $G$ $1<p<\infty,$ $p\neq 2$ $p$ $L^{p}(G)$
Banach $C_{0}M_{p}(G)$ Laursen Neumann
$C_{0}M_{1}(G)$ $G$ $C_{0}M_{p}(G)$






$\mathrm{D}c_{0}M_{p}(G)=$ { $T\in C_{0}M_{p}(G)$ : T $L^{p}(G)$ decomposable}
Y Hausdorff $M$ Y
$0$ ( $C_{0}(Y)$ ) Banach
$0$ $Y$ $1\in M$
R M $\mathrm{A}\mathrm{l}\mathrm{b}\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{h}\mathrm{t}\text{ }$ $\mathrm{I}\mathrm{n}\mathrm{o}\mathrm{u}\mathrm{e}-\mathrm{T}\mathrm{a}\mathrm{k}\mathrm{a}\mathrm{h}\mathrm{a}\mathrm{S}\mathrm{i}_{\text{ }}$ Neumann M






$M’=$ {$m\in M$ : $y\in$ m\check $K_{\infty}$ $0$}
Y $K_{\infty}=\emptyset$ Y $\sup$ $||\cdot||_{\infty}$ M $||\cdot||_{M}$
$||\cdot||_{\infty}\leq||\cdot||_{M}$ M’ M
6 $\mathrm{N}\mathrm{s}(M)=\{m\in M:\overline{\check{m}(\Phi_{M})}=\overline{m(Y)}\}$
$\mathrm{N}\mathrm{s}(M)$ M M $o_{0^{M_{p}}}(c)$
Fourier $T\in C_{\mathit{0}}M(\mathrm{P}G)$ \mbox{\boldmath $\sigma$} $\langle$ T) $=\overline{\check{T}(\Phi_{M})}$ Fourier
T Fourier C0Mp(G) Gelfand T\check $($




$R\subset L\subset \mathrm{N}\mathrm{s}(M)$ $L$ $(i.e.\rangle L+L\subset L)$
$L\subset \mathrm{R}\mathrm{e}\mathrm{g}$ M
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) Reg M $C\mathit{0}^{(Y)}$ Y
Banach




2 $x\in Y\cup\{\infty\}$ $K_{x}$ \Phi M $x,$ $y\in Y\cup\{\infty\}$
$F_{x}$ $F_{y}=\emptyset$ Reg M \v{S}ilOv $Y$ Reg $M$
$\cup$ $K_{x}=\Phi_{M}$
$x\in Y\cup\{\infty\}$
. f\in R M Gelfand fl \Phi M (Gelfand )
$\check{f}^{-1}(0)$ \Phi M $K_{\infty}$ $x\in Y$ $K_{x}$
$\Phi_{M}$ R $Y$ $x,$ $y\in Y\cup\{\infty\}$
$K_{x}\cap K_{y}=\emptyset$
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$\cup K_{x}=\Phi_{M}$ $P\in\Phi_{M}\backslash \cup K_{x}$ $\check{f}_{\infty}(p)\neq 0$ $f_{\infty}\in R$
$x\in Y$ $\check{f}_{x}(p)$ $\neq f_{x}(x)$ $f\in$ R
$B=$ { $f\in$ Reg $M$ : $\check{f}(p)=0$} $\check{f}_{\infty}(p)\neq 0$ $B$ R
proper ideal proper ideal $\tilde{B}\supset$ B Reg \v{S}iloV
$x_{B}\in$ Y B $=$ { $f\in$ Reg $M$ : $f(x_{m})=0$} - $0=\check{g}(p)\neq g(x_{B})$
g\in R $g\in B$ $g(x_{B})\neq 0$ $g\not\in\tilde{B}$
QED.
1 . R \v{S}iloV $R\subset NS(B)$
$f\in M$ 1 $\mathrm{s}\mathrm{p}(f, M)=\overline{\check{f}(\Phi_{M})}=\overline{\check{f}(\cup K_{x})}$ $x\in Y$
$\check{f}|K_{x}=f(X)$ $\check{f}|K_{\infty}=0\text{ }\overline{\check{f}(\cup K_{x})}=\overline{f(Y)}$
$f\in \mathrm{N}\mathrm{S}(M)$
$M’\subset NS(B)$ $R\subset L\subset N\mathrm{S}(B)$ $L$
L\subset M’ f\in L\M’ $\check{f}|K_{x}$
$x\in Y\cup\{\infty\}$ - R $C_{0}(Y)$ \epsilon $>0$
$\sup_{y\in Y}|f(y)-f\xi j(y)|<\mathcal{E}$
\in R $\check{f}_{\epsilon}|F_{x}$ $\check{f}|$ $\sup_{p\in F_{x}}|\check{f}(p)-$
$\check{f}_{\epsilon}(p)|$
$f-f_{\epsilon}\not\in N\mathrm{S}(M)$ – $R\subset L$ $L$
$f-f_{\epsilon}\in L$ $L\subset \mathrm{N}\mathrm{S}(M)$
L\subset M’
R $\mathrm{N}$
$R\subset \mathrm{R}\mathrm{e}\mathrm{g}$ $M\subset \mathrm{D}\mathrm{e}\mathrm{c}M\subset \mathrm{N}\mathrm{S}(M)$
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DecM DecM\subset M’ R $C_{0}(Y)$
$M’$ $C_{0}(Y)$ $M’\subset \mathrm{N}\mathrm{S}(M)$ $M’\subset M$ $M’=\mathrm{N}\mathrm{S}(M’)$
\Phi M7=Y R \v{S}iloV $M’$
Reg M\subset M’ Reg $M=\mathrm{D}\mathrm{e}\mathrm{c}$ M=M’ $\mathrm{Q}.\mathrm{E}$ .D.
3.
Reg $C0^{M_{p}()\mathrm{c}}G=\mathrm{D}\mathrm{e}o_{0M_{\mathrm{P}}(}G$ ) $=\mathrm{D}C0M_{\mathrm{P}}(G)$
. $p=1$ Albrecht [1, Corollary 33] Neumann [16] $p>1$
1 Reg $c_{0}M_{p}(c)=\mathrm{D}\mathrm{e}\mathrm{C}C\mathit{0}Mp(c)$ Dec $c_{0}M_{\mathrm{P}}(G)=\mathrm{D}C\mathit{0}Mp(G)$
Neumann [16, Theorem 1] Dec $C_{0}M(\mathrm{P}G)\subset \mathrm{D}C_{0^{M_{p}(c)}}$ inclusion
$T\in \mathrm{D}c_{\mathit{0}}M_{p}(G)$ $C0\overline{0M1(}G$) $C_{0}(\hat{G})$
$C_{0\mathit{0}}M_{1}(G)$ $\{T_{n}\}$ $narrow\infty$ $||\overline{T_{n}}-\hat{\tau}||_{\infty}(\hat{G})arrow 0$
Neumann [16, Theorem 8] $\text{ }\mathrm{A}\mathrm{l}\mathrm{b}\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{h}\mathrm{t}[\mathrm{C}_{\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}1\mathrm{r}}\mathrm{a}\mathrm{y}3.3]2$ \ddagger $\text{ }$
Dec $C_{0}M_{1}(G)=C_{00}M_{1}(G)=\mathrm{D}C_{\mathit{0}}M1(G)$
$T-Tn\in \mathrm{D}c0M(pG)$ Albrecht [1, Lemma 3.2] Dec $C_{0}M_{p}(G)\subset$
$N\mathrm{S}(c_{0^{M}}(pG))$ $\text{ _{ }}\phi\in\Phi_{CM}0p(c)$ $narrow\infty$
$|\phi(T - T_{n})|\leq||(\tau-T_{n})\vee||_{\infty(\Phi_{C_{\mathrm{O}^{M_{\mathrm{p}^{(}}}}}}G\rangle)=||\overline{T-t_{n}}||\infty(\hat{c})arrow 0$
$c_{00}M1(G)=\mathrm{R}\mathrm{e}\mathrm{g}C_{0^{M}}1(G)\subset \mathrm{R}\mathrm{e}\mathrm{g}C0M_{p}(G)=\mathrm{D}\mathrm{e}\mathrm{c}c_{0}M(\mathrm{P}G)$
87
T Dec $c_{0^{M_{p}}()}G$ $\Phi_{C\mathrm{o}M_{p(c)}}$ level set
level set $L^{1}(G)$ – 1 $T\in \mathrm{D}\mathrm{e}\mathrm{C}c0M_{p}(G)$





$=C_{0}0M(p\mathbb{T}n)=$ { $T\in C_{0p}M(\mathbb{T}^{n})$ : $\sigma(T)$ }
$C_{00}M_{\mathrm{P}}(\mathbb{Z}n)=o_{0}M_{\mathrm{P}}(\mathbb{Z}^{n})$
Reg $\mathit{0}_{0^{M_{p}(}}\mathbb{Z}n$ ) $=\mathrm{D}\mathrm{e}\mathrm{C}c0M(p\mathbb{T}n)=\mathrm{D}C_{\mathit{0}}M(\mathrm{P}\mathbb{T})\neq C_{00}M(\mathrm{P}\mathbb{Z}^{n})$
$\mathbb{R}^{n}$




$(-2^{-}j, -2^{-}j-1]$ , $j<0$
$f\in C0(\mathbb{R})$ $Var_{\triangle_{j}}f$ \triangle j $f$
8
$C_{c}(\mathbb{R}^{n})=$ { $f\in C_{0}(\mathbb{R}^{n})$ : $f$ },
$C_{v}(\mathbb{R})=$ { $f\in C_{0}(\mathbb{R}):f$ $\mathbb{R}$ }
88
$C_{0}^{v}M(p\mathbb{R})=\{\tau\in C0Mp(\mathbb{R}) : \hat{T}\in c_{v}(\mathbb{R})\}$
4 $1<p<\infty$
$C_{c}(\mathbb{R})\mathrm{n}c_{v}(\mathbb{R})\subset$ Dec $\overline{C_{0}M}(\mathrm{P}\mathbb{R})$
. $f\in C_{C}(\mathbb{R})\cap Cv(\mathbb{R})$ $\sup.jVar_{\triangle}fj<\infty$ strong Marcinkiewicz
multiplier theorem [4, Theorem 8.3.1] $1<q<\infty$ $q$ $f\in C_{0}\overline{M_{q}(}\mathbb{R}$)
H\"ormander [8, Theorem 1.16] $|1/p-1/2|<|1/q-1/2|$
$C_{0}M_{q}(\mathbb{R})\subset m_{p}(\mathbb{R})$ $m_{p}(\mathbb{R})$ $L^{1}(\mathbb{R})$ $C_{0}M(\mathrm{P}\mathbb{R})$ (
abel Zafran [27] Theorem
3.1 )
$m_{p}(\mathbb{R})\subset \mathrm{R}\mathrm{e}\mathrm{g}$ $C_{0}M(\mathrm{P}\mathbb{R})=\mathrm{D}\mathrm{e}\mathrm{c}C0^{M_{p}}(\mathbb{R})$
$C_{0}M_{q}(\mathbb{R})\subset \mathrm{D}\mathrm{e}\mathrm{c}$ $C_{0}M_{p}(\mathbb{R})\text{ _{ }}$
$f\in \mathrm{D}\mathrm{e}\mathrm{C}\overline{c0M_{\mathrm{P}}}(\mathbb{R})$
5 $1<p<\infty$ $P$




$\Phi c\mathrm{o}M_{\mathrm{p}}(\mathbb{R})$ $C0^{M_{p}}(\mathbb{R})$ Gelfand $c_{C}(\mathbb{R})\cap Cv(\mathbb{R})$ $C_{\mathit{0}}(\mathbb{R})$
$C_{c}(\mathbb{R})\mathrm{n}c_{v}(\mathbb{R})\subset \mathrm{D}\mathrm{e}\mathrm{c}\overline{C0^{M_{p}}}(\mathbb{R})\subset C_{0}(\mathbb{R})$
$c_{C}(\mathbb{R})\cap Cv(\mathbb{R})$ $C_{0}M_{p}(\mathbb{R})$ Gelfand $\Phi c\mathit{0}M_{p}(\mathbb{R})$
Dec $C_{0}M_{P}(\mathbb{R})$ – $x\in \mathbb{R}$
$C_{c}(\mathbb{R})\cap Cv(\mathbb{R})$ $C_{\mathit{0}}M_{p}(\mathbb{R})$ Gelfand level set $x$
Dec $C_{0}M_{p}(\mathbb{R})$ Gelfand 1
Dec $C0M_{\mathrm{P}}(\mathbb{R})=$ { $T\in C0M_{p}(\mathbb{R})$ : $\check{T}|K_{x}$ $(\forall x\in \mathbb{R}),\check{T}|K_{\infty}=0$}
$C_{0}^{v}M(p)\mathbb{R}$ $\mathrm{D}\mathrm{e}\mathrm{c}c_{\mathit{0}}M_{p}(\mathbb{R})$ Zafran [25]





$C0^{M_{p}}(\mathbb{R})$ Gelfand $\text{ }\Phi C_{0}M(\mathrm{p})\mathbb{R}$ $L^{1}(\mathbb{R})$
level set $x\in \mathbb{R}$
$L_{x}=\{p\in\Phi c0M(\mathrm{p}\mathbb{R}) : \check{f}(p)=\hat{f}(X)\forall f\in L^{1}(\mathbb{R})\}$ ,
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$f-f(0)$ $f$ f $\mathbb{R}$ periodic extension $F$
de Leeuw [3, Theorem 45] $F\in\overline{M_{p}(\mathbb{R})}$ $(0,2\pi)$
\not\in X;$x_{(0},2\pi$) $1\in \mathbb{T}$ Dirac \mbox{\boldmath $\delta$}o Fourier \mbox{\boldmath $\delta$}o $\text{ }M_{p}(\mathbb{T})$
$\hat{\delta}_{\mathit{0}}=\{$
1, $z=0$
$0$ , $z\neq 0$
Jodeit multiplier extension theorem [14, Theorem 37] $x_{(0},2\pi$ ) $\in$








Jodeit multiplier restriction theorem [14, Theorem 2.3]
$(\lambda-f)-1-\lambda^{-1}\in C_{0}\overline{M(p})\mathbb{Z}$
$f\in N\mathrm{S}(c_{0}M_{p}(\mathbb{Z}))$ NS $(C_{0}M_{p}(\mathbb{Z}))$ $C_{0}M_{p}(\mathbb{Z})$
$C_{\mathit{0}}\overline{M_{p}(}\mathbb{R})\cap c_{c}(\mathbb{R})\not\subset \mathrm{D}\mathrm{e}\mathrm{c}\overline{c_{0}M_{p}}(\mathbb{R})$
$\hat{T}\in c_{c}(\mathbb{R})\backslash \mathrm{D}\mathrm{e}\mathrm{c}\overline{C_{0}M}(p)\mathbb{R}$
$T\in C0M(p)\mathbb{R}$ $L^{1}(\mathbb{R})$ regular
$\text{ }\hat{T}\text{ }1$ g\in L1(R) $\hat{T}=\hat{T}\hat{g}=\overline{Tg}$
Dec $c_{0^{M}(\mathbb{R})=}p$ { $T\in C_{0}M(\mathrm{P}\mathbb{R})$ : $\check{T}|L_{x}$ $(\forall x\in \mathbb{R}),\check{T}|L\infty=0$}
$\check{T}|L_{\infty}$ $x\in \mathbb{R}$ T|Lx $L^{1}(\mathbb{R})\subset$






. $n=1$ 4 $n>1$
$C_{0}\overline{M_{p}(\mathbb{R}}^{n})\cap C_{c}(\mathbb{R}^{n})\not\subset \mathrm{D}\mathrm{e}\mathrm{C}\overline{c_{\mathit{0}}M_{p}}(\mathbb{R}^{n})$
$\text{ }C\mathit{0}\overline{M(p\mathbb{R}}^{n}$ ) $\cap C_{C}(\mathbb{R}n)\subset \mathrm{D}\mathrm{e}\mathrm{c}$ $\overline{C_{\mathit{0}}M_{p}}(\mathbb{R}^{n})$
$L$ : $C_{\mathit{0}}\overline{M_{p}(\mathbb{R}}^{n}$) $arrow C_{0}(\mathbb{R})$
$L(f)=f(\cdot, 0, \cdots, 0)$
$L(C_{\mathit{0}}\overline{M_{p}(\mathbb{R}}n)\cap^{c_{C}(}\mathbb{R}^{n}))=C_{0}\overline{M_{p}(}\mathbb{R})\cap^{c_{C}(}\mathbb{R})$
de Leeuw [3, Proposition 32] $\subset$
Saeki [19, Lemma 3.1] $G=\mathbb{R}^{n},$ $H=\{(x, 0, \cdots, 0)\in \mathbb{R}^{n} : x\in \mathbb{R}\}$
$f\circ\pi\in C_{0}M_{p}(\mathbb{R}^{n})$ \mbox{\boldmath $\pi$} : $\mathbb{R}^{n}arrow \mathbb{R}$ \mbox{\boldmath $\pi$}(Xl,) . .. , $x_{n}$ ) $=x_{1}$
$X=\mathrm{s}\mathrm{u}\mathrm{P}\mathrm{p}f\cross[-1,1]^{n-1}$ U $X$ $L^{1}(\mathbb{R}^{n})$ regular
$G=\{$
1, on $X$
$0$ , on $\mathrm{R}^{n}\backslash U$
$G\in L^{\overline{1}}(\mathbb{R}^{n})$
$G\cdot f\circ\pi\in C0\overline{M_{p}(\mathbb{R}}^{n})\cap C_{C}(\mathbb{R}^{n})$
$L(G\cdot f\mathrm{o}\pi)=f$ $\supset$
–
$L|\mathrm{D}\mathrm{e}\mathrm{c}\overline{C_{0}M}(p\mathbb{R}n)$ : Dec $\overline{C_{\mathit{0}}M_{p}}(\mathbb{R}^{n})arrow C_{0}\overline{M_{p}(}\mathbb{R})$
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Zafran [25] $\text{ }\hat{T}\in C^{\infty}(\mathbb{R}n)$ $T\in C0M_{p}(\mathbb{R}^{n})\backslash N\mathrm{S}(c_{0}M_{p}(\mathbb{R}n))$
5 $T\text{ }\hat{T}\text{ ^{ } _{ } _{ }}$ $n=1\text{ }\hat{\tau}$
strong Marcinkiewicz theorem $T$
Zafran T $C_{0}M_{p}(\mathbb{R}^{n})$ Wiener-Pitt
Fourier $C_{0}M_{1}(\mathbb{R}n)$ Wiener-Pitt
( Dec $C_{0}M_{1}(\mathbb{R}n)$ $C_{\mathit{0}}M_{p}(\mathbb{R}^{n})$
$C_{c}(\mathbb{R}^{n})\cap^{o_{\mathit{0}}M_{1}}\overline{(\mathbb{R}}n)\subset \mathrm{D}\mathrm{e}\mathrm{c}$ $\overline{C_{\mathit{0}}M_{1}}(\mathbb{R}n)$
Fourier Wiener-Pitt )
8 $x\in \mathbb{R}^{n}$ $L_{x}\neq\{x\}$
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. $n=1$ 4 $L_{x}\neq\{x_{\mathit{0}}\}$ $x_{0}\in \mathbb{R}$
$n>1$ $x_{0}\in \mathbb{R}^{n}$ $f\in c_{0}\overline{M_{p}(\mathbb{R}}^{n}$ ) $\cap C_{c}(\mathbb{R}n)\backslash$









$m_{p}(\mathbb{R}^{n})$ Dec $C_{\mathit{0}}M_{p}(\mathbb{R}^{n})$ abel $G$
$\overline{L^{1}(G)}\text{ }\hat{G}$ $C_{\mathit{0}}(\hat{G})$ $m_{p}(G)$ $\Phi c_{0}M_{\mathrm{p}(c)}$ $C_{0}M(\mathrm{P}G)$
– $p=1$ $G$ $m_{1}(G)=L^{1}(c)$
Dec $C_{\mathit{0}}M_{1}(G)$ $1<p<\infty,$ $p\neq 2$
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Zafran [24, Proposition 2.9] Fig\‘a-Talamanca and Gaudry [6] Theorem $\mathrm{B}$
\mbox{\boldmath $\varphi$}\in Dec $C_{\mathit{0}}M_{p}(\mathbb{T})$ $m_{p}(\mathbb{T})$ $\varphi^{2}\in m_{p}(\mathbb{T})$
$\varphi\in \mathrm{D}\mathrm{e}\mathrm{c}\overline{C0M}(p)\mathbb{T}$ $n\geq 1$
$\mathbb{T}^{n}$ \mbox{\boldmath $\varphi$} $\mathbb{Z}^{n}$
10 $\varphi$ $Fig\grave{a}- Ta\iota amanca$ Zn \Phi
$\Phi(z_{1}, , . . , z_{n})=\{$
$\varphi(z_{1})$ , if $z_{2}=..$ . $=z_{n}=0$
$0$ , otherwise
$\Phi\in \mathrm{D}\mathrm{e}\mathrm{C}\overline{c_{0}M_{p}}(\mathbb{T}^{n})\backslash m_{p}\overline{(\mathbb{T}^{n}})$ , $\Phi^{2}\in\overline{m_{p}(\mathbb{T}^{n}})$
. Tn 1 Fourier \triangle positieve definite
$\triangle(\mathcal{Z}_{1\cdot\cdot n},., \mathcal{Z})=\{$
1, $z_{1}=.$ . . $z_{n}=0$
$0$ , otherwise
$\Phi(z_{1,\ldots,n}Z)=x_{1\in}\sum\varphi(X1)\triangle^{2}((_{\mathcal{Z}_{1},\ldots Z_{n})},-(X_{1},0, \ldots, 0)\mathbb{Z})$
Figa-Talamanca and Gaudry [5, Theorem 1] $\Phi\in C_{0}\overline{M_{p}(\mathbb{T}}^{n}$)
1 $<q<\infty$ $q$ \mbox{\boldmath $\varphi$}2 $\in c_{\overline{0^{M_{q}}(})}\mathbb{T}$
$\Phi^{2}\in C_{0}\overline{M_{q}(\mathbb{T}}^{n})$ Zafran [27] Theorem 3.1
$|1/2-1/p|<|1/2-1/q|$ $C_{\mathit{0}}M_{q}(\mathbb{T}^{n})\subset m_{p}(\mathbb{T}^{n})$ $\Phi^{2}\in\overline{m_{p}(\mathbb{T}^{n}}$)
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$\mathbb{T}^{n}$ $IJ(\mathbb{T}^{n})$ Banach $M_{p}(Tn)$ If $(T^{n})$
Banach multiplier $L^{p}(\mathbb{T}^{n})$ $\mathbb{Z}^{n}$
Laursen and’Neumann [15, Theorem 3.1]
$m_{p}(\mathbb{T}^{n})\subset \mathrm{R}\mathrm{e}\mathrm{g}$ $C_{\mathit{0}}M(\mathrm{P}\mathbb{T}^{n})=\mathrm{D}\mathrm{e}\mathrm{c}C_{0^{M_{p}(}}\mathbb{T}^{n})$
$=NS(C_{0}M_{p}(Tn))=$ { $T\in C_{0}M_{p}(\mathbb{T}^{n})$ : T }
$\Phi^{2}$ $\Phi$
\Phi $\in \mathrm{D}\mathrm{e}\mathrm{C}\overline{c_{0}M_{p}}(\mathbb{T}^{n})$
\Phi $\not\in\overline{m_{p}(T^{n}}$) $\Phi\in\overline{m_{p}(\mathbb{T}^{n}}$) Zn
$\{f_{n}\}$ $narrow\infty$ $||\Phi-f_{n}||_{M}\mathrm{p}(\mathrm{T}^{n})arrow 0$ - de Leeuw
[3, Lemma 3.1] K
$||\Phi|\mathbb{Z}-fn|\mathbb{Z}||_{M}p(T)\leq K||\Phi-f_{n}||M(p\mathrm{T}n$
$n$
$\mathbb{Z}$ $\{(z, 0, \ldots, \mathrm{o})\in \mathbb{Z}^{n} : z\in \mathbb{Z}\}$ –
$\Phi|\mathbb{Z}=\varphi$ $f_{n}|\mathbb{Z}$ Z\in Ll $(\mathbb{T})$
$\varphi\in\overline{m_{p}(T)}$ $\Phi\not\in\overline{m_{p}(\mathbb{T}^{n}}$)
) strong Marcinkiewicz theorem [4, Theorem 82.1] $1<q<\infty$ $q$
\mbox{\boldmath $\varphi$}2 $\in C_{0}\overline{M_{q}(}\tau$ ) \Phi 2\in C0Mq(Tn)
\Phi Fig\‘a-Talamanca and Gaudry [5, Theorem 1] Rn multiplier
\Phi
11
$f\in \mathrm{D}\mathrm{e}\mathrm{C}\overline{c_{0}M_{p}}(\mathbb{R}^{n})\backslash m_{p}\overline{(\mathbb{R}^{n}})$ , $f^{2}\in\overline{m_{p}(\mathbb{R}^{n}})$
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f. $\Phi$ 10 $\triangle$ $\{(x_{1}, \ldots , x_{n})\in \mathbb{R}^{n} : |x_{j}|\leq 110\}$
positive definite $\text{ }L^{11}\overline{(\mathbb{R}^{n}}$) \triangle (0) $=1$ $\mathbb{R}^{n}$ $f$
$f(x)= \sum_{z\in \mathbb{Z}^{n}}\Phi(z)\triangle \mathit{2}(x-Z)$
$x=(X_{1}, \ldots, X_{n}),$ $\mathcal{Z}=(z_{1}, \ldots, z_{n})$ Fig\‘a-Talamanca and Gaudry [5]
Theorem 1 $X=\mathbb{R}^{n},$ $X_{0}=\mathbb{Z}^{n},$ $U=\{x\in \mathbb{R}^{n} : |x_{j}|\leq 1/10\},$ $p=q$
$f\in C_{0}M_{p}(\mathbb{R}^{n})$ Fig\‘a-Talamanca and Gaudry [6] Proof of Theorem A
p.486 $f\not\in m_{p}(\mathbb{R}^{n})$ $f^{2}(x)=\Sigma\Phi^{\mathit{2}}(m)\triangle^{4}(X-m)$
$1<q<\infty$ $q$ \Phi 2 $\in C_{\mathit{0}}\overline{M_{q}(\mathbb{T}}^{n}$ ) $f^{2}\in C_{0}\overline{M_{q}(\mathbb{R}}^{n}$)
H\"ormander [8, Theorem 1.16] $f^{2}\in m_{p}\overline{(\mathbb{R}^{n}}$) $m_{p}(\mathbb{R}^{n})\subset \mathrm{D}\mathrm{e}\mathrm{c}$ $C_{0}M_{p}(\mathbb{R}^{n})$
1 $Y=\mathbb{R}^{n},$ $M=C_{0}\overline{M_{p}(\mathbb{R}}^{n}$ ), $R=L^{1}(\mathbb{R}^{n})$ $\check{f}^{\mathit{2}}|L_{\infty}=0$
$\check{f}|L_{\infty}=0$
$L_{\infty}= \bigcap_{\in gL^{1}(\mathbb{R}^{n})}\check{g}-1(0)$
g g $C_{\mathit{0}}M_{p}(\mathbb{R}^{n})$ Gelfand $x\in \mathbb{R}^{n}$
$L_{x}= \mathit{9}\bigcap_{\in L1(\mathbb{R}^{n})}\check{g}^{-}(\hat{g}(x)1)$
$x\in \mathbb{R}^{n}$ $\check{f}|L_{x}$ 1 $f\in \mathrm{D}\mathrm{e}\mathrm{C}\overline{c_{0(\mathbb{R}^{n})}M_{p}}$
$\check{f}|$Lx $x_{0}\in \mathbb{R}^{n}$ $\check{f}^{2}\in \mathrm{D}\mathrm{e}\mathrm{c}\overline{c0M}(p\mathbb{R}^{n})$
$\check{f}^{2}|L_{x\text{ ^{ } } _{ } }\check{f}|L_{x\text{ } _{}2}$
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1 $-1$ – $\hat{f}^{\mathit{2}}(X_{\mathit{0}})=1$




$g(\mathcal{Z})=0\text{ }\triangle\in L^{l1}\overline{(\mathbb{R}^{n}})$ $G\in L^{1}\overline{(\mathbb{R}n}_{)}$ $G(x_{0})=$
$\triangle^{\mathit{2}}(x_{\mathit{0}}-z_{0})>0$ strong Marcinkiewicz theorem [4, Theorem 82.1] $1<q<\infty$
$q$
$(\Phi+g)^{\mathit{2}}\in C_{\mathit{0}}\overline{M_{q}(\mathbb{T}}^{n})$ \triangle
$(f+G)^{\mathit{2}}\in c_{0}\overline{M_{q}(\mathbb{R}}^{n})$ $(f+G)^{\mathit{2}}\in \mathrm{D}\mathrm{e}\mathrm{c}\overline{C_{\mathit{0}}M}(\mathrm{P}\mathbb{R}^{n})$
(f\check +G\check )2|Lx - $G\in\overline{L^{1}(\mathbb{R}^{n}}$) $L^{1}(\mathbb{R}^{n})\subset \mathrm{D}\mathrm{e}\mathrm{c}C0^{M_{p}(}\mathbb{R}^{n})$ $\check{G}|L_{x_{\text{ }}}=$





$\mathrm{N}\mathrm{S}(M_{p}(G))$ $p=1$ Albrecht [1, Lemma
32] $\mathrm{D}M_{p}(G’)\subset N\mathrm{S}(M_{p}(G))$ Neumann Laursen
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